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Abstract

This studyusesGeneticProgramming GP) to discover new typesof volatility forecastingmod-
elsfor financialtime series.GP is a corvenienttool to explore the spaceof potentialforecasting
modelsandto selecthemorerohbustsolutions.Theapplicationto foreignexchangdinancialprob-
lemsrequiresan exactsymmetryinducedby theinterchangef currenciesIn GP, this symmetry
is enforcedby usinga stronglytyped GP approachandsyntacticrestrictionson the nodeset. GP
convergenceis increasedy afew ordersof magnitudeby optimizingthe constantsn the GPtrees
with a local optimizationalgorithm. The variousalgorithmsare comparedon the discovery of
the symmetrictranscendentdlinction cosine.For the volatility forecastthe optimizationis per
formedusingreturntime seriessampledhourly, possiblyincluding aggrgatedreturnsat longer
time horizons. Thein-sampleoptimizationandout-of-samplgestsare performedon 13 yearsof
high frequeng datafor two foreign exchangetime series.The out-of-sampldorecastingoerfor
manceof thesenew modelsare comparedwith the correspondingerformancenf somepopular
ARCH-typesmodels,and GP consistentlyoutperformthe benchmarksin particular GP discor-
eredthatcrossproductsof returnsat differenttime horizonsimprove substantiallythe forecasting
performance.
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1 Intr oduction

Onechallengegposedy thefinancialmarketsis to correctlyforecasthedaily volatility of financial
assetsn orderto obtainreasonablgredictionsof the potentialrisks,or to optimally allocateassets
in a portfolio. Clearly the volatility is itself a nontrivial processwith interestingdynamics,and
from the analysisof empiricaldata,a large numberof stylizedpropertieselatedto volatility are
known. The mostimportantof thesepropertiess thelong memoryof the volatility, asmeasured
by a laggedautocorrelatiorfunction that decaysas a power law. This propertyis also called
volatility clustering,andtheslown decayof theautocorrelatioomeanghatthis clusteringis present
at all time horizons. The simplestmodelthat describes/olatility clusteringis the GARCH(1,1)
model. Yet, this model hasan exponentialautocorrelatiorfunction for the volatility, meaning
thatit captureghevolatility clusteringonly at onetime horizon. In orderto remedythe different
shortcomingof the simplestGARCH(1,1) model, a large numberof variationsin the popular
ARCH (Autoregressie ConditionalHeteroskdasticity)classof modelshasbeenstudied,mostly
usingdaily data. The useof dataat higherfrequeny opensnew avenuesn volatility forecasting
asthe statisticaluncertaintyis decreasednd intra-dayeffects mustbe taken into account. But
consequentlythe compl«ity of the problemincreases.Undoubtedly the useof high frequeng
datapermits better short term volatility estimationsbut also implies more compl«ity in data
treatmentandvolatility modeling. The main problemcanbe summarizedas: what arethe most
importantstylized propertieshat mustbe takeninto accountin orderto obtaina goodvolatility
forecast? In this study we use GeneticProgramming(GP) to discover new typesof volatility
forecastingnodelsfor foreignexchanggFX) ratesat hourly frequeng.

GeneticProgrammings a tool that searchesn the spaceof possibleprograms representedby

trees,for individualsthatarefit for solving the given problem[ ]. For the application
of GPtechniguedgo financialdata,a similar approachwasrecentlyappliedwith somesucces®n
trading modeldiscovery [ } ], andwe useit in this

paperto explorethe spaceof volatility forecastingnodels.In theapplicationto foreignexchange
financialtime series,thereis animportantexact symmetryinducedby the exchangeof the two
currenciesandthis symmetrymustberespectedby the solutions.For this purposewe have used
a stronglytypedGP approachwherethe typing systemkeepstrack of the parity of the GP trees.
In thisway, we have reducedbur searctspacdrom all possibleGP treesdown to the subspacef
treesthathave the propersymmetry

From a generalpoint of view, volatility forecastis a functionfitting problem,wherethe realized
valuefor the volatility is the functionto be discoreredusinga causalinformationset. Thetime
seriesof therealizedvolatility is dominatedby randomnessandthe actualamountof information
containedin the information setaboutthe future evolution is ratherlow. This is measuredor
exampleby thelaggedcorrelationfor the volatility, which s in the orderof 3 to 15%, depending
on the actualdefinition of volatility. In short, this meansthat the volatility forecastis a very
difficult challengefor GP, andthe algorithmsneedto be very efficient. In orderto develop and
testtools, we have appliedGP to a similar problem,namelythe discovery of the transcendental
functioncosine,usingpolynomials.As for thevolatility, the cosinefunctionobeys a symmetryof
parity co§ —x) = cogx). The studywith the cosinemalkesclearthatthe conventionalGP cannot
tacklethe volatility forecastproblem,andthe maindifficulty liesin the discovery of goodvalues



for the constantsncludedin the GPtrees.In orderto speedup corvergenceto the optimalvalues
of the constantsywe have to usea local searchalgorithm, like a conjugategradient. Only when
usinga mixedalgorithm,arewe ableto obtaingoodsolutionsfor the cosineproblem,andto find

volatility forecasthatcancompetewith the standardSARCH(1,1)model.

This articleis organizedasfollows. In section2, the GeneticProgrammingapproachs described.
A brief introductionto GP is given is the subsectior2.1, followed by the GP with typesand
the relatedsyntacticrestrictionsin subsectior?.2. The modificationsto the evolution operators
requiredby the GPwith typesarediscussedn subsectior?.3. Subsectior?.4 presentdiow to use
GP with typesto imposea particularsymmetryon the solutions. In subsectior?.5, we give the
setof nodeswe have used,togetherwith their respectre syntacticrestrictions.Control over the
actualCPUtime is critical for the applicationon volatility forecastsandthis meanscontrolling
the complity of the generatedrees,as discussedn the subsection2.6. The sectionon GP
itself concludeswvith thecombinationof GPwith with local searchtechniquedor the optimization
of the tree’s constants. The section3 discusseghe applicationof GP to the discovery of the
cosinefunctionby polynomialapproximationsThisincludesa detailedcomparisorof thevarious
algorithms,aswell asoptimizationof the evolution operatorausedby the GP. The applicationto
volatility forecastis presentedn the section4. The peculiaritiesof the financial volatility are
presentedh theintroductorypart4.1, andthedaily volatility forecasin sectiord.2. Thevolatility
processesisedasbenchmarkfor comparisorwith the performanceof GP treesaregivenis the
section4.3. Section4.4 presentghe resultsof GP searchfor volatility forecastandconclusions
aredrawvn in sectionb.

2 GeneticProgramming with Syntactic Restrictions

2.1 Intr oduction

Geneticprogramming ] is atool to searchthe spaceof possibleprogramsfor anin-
dividual (computemprogram)thatis fit for solvinga giventaskor problem. It operateghrougha
simulatedevolution processon a populationof solutionstructureghat representandidatesolu-
tionsin the searchspace Theevolution occursthrough:

e aselectiormechanisnthatimplementa survival of thefitteststratgy

e geneticcross-wer andmutationof the selectedsolutionsto produceoffspring for the next
generation.

The generategrogramsare represente@strees,wherenodesdefinefunctionswith aguments
given by the valuesof the relatedsub-treesand whereleaf nodes,or terminals representask
relatedconstant®r inputvariables.

Theselectiormechanisnallows randomselectionof parenttreesfor reproductionwith a biasfor
thetreeghatrepresenbettersolutions.Selectegarentsareeithermutatedpr usedo generatéwo
new offspringsby a cross-eer operator Cross-eersand mutationsarethe two basicoperators



usedto evolve a populationof trees. The mutation operatoreffects randomchangesn a tree
by randomlyaltering certainnodesor sub-treeswhereaghe cross-oer operatoris an exchange
of sub-treedbetweentwo selectedparents. The evolution of trees’populationscontinuesuntil a

certainstoppingcriterionis reached.Theinitial populationis composedf randomtrees,which

are generatedy randomlypicking nodesfrom a given terminal setandfunctionset The only

constraintis thatthe generatedreesoughtnot to betoo comple. A restrictionon the maximum
allowed depthor the maximumnumberof nodess alsofrequentlyimposed.

Sincethe evolution operatordn GP canestablisharbitraryfunctionsandterminalsasarguments
(descendantdpr a function node, the function setis requiredto be closedwith respectto the

variousargumentshatit canhave. The closurehypothesisstateshatthe resultof any nodecan

be usedas argumentof ary node, and this permitseasyimplementationof the cross-eer and

mutationoperators.Yet, this leadsto programswith unnaturalstructureslik e booleanoperators
takingrealargumentspr multiplicationnodesoperatingon theresultsof a booleanoperation.

Nowadays modernprogramminganguagesupportthe notion of types,andit is quite naturalto
introducethisconcepinto GPtrees.This studyfollowsthestronglytypedGPapproach ],
wherethebranche®of atreecarryadatatype andthe operatorgnodes)acceptonly somecombi-
nationof types. Yet, thetyping systemis usedin this paperto imposean exactsymmetryon the
generategbrograms.This symmetryis inducedby a parity transformationnamelyin the foreign
exchangemarket, by the permutationof the curreng pair. In technicalterms,the typing system

is usedto imposea well definedrepresentatiof the solutionin the Z, groupgeneratedy the
graduatiorof the problemby a parity transformation.

2.2 Typing systemand syntacticrestrictions

A geneticprogramis a tree, whosenodesrepresenfunctions (with its subtreeas function ar
guments),and whoseleaves are associatedvith task-relateddatainput or “constants”. As the
tree-node-terminalerminologyis not always accurateandrich enough,we also usea function
terminology The n-arity of afunctionfixesthe numberof subtreesttachedo the corresponding
node,while afunctionwithout agumentis aterminalnode:

fW RS R

In GR it is usually postulatedhat any treeis a valid program(the closureproperty). The only
restrictionis then-arity of thefunctions,whichfixesthetopologyof thetree.In orderto introduce
types,asetof N typeC; is defined.A simpleexamplewith two typesis C; = boolearandC, = R.

Then,afunctionis amappingfrom typesinto atype,namely

fW G, x---xC, —Ci,, ij€L,...,N. (1)
For example,with thetwo above types,we canhave the functionsof two aguments:

> . RxR — boolean
+ : RxR =R



Thetyping of thefunctionsinducessyntacticrestrictions namelyvalid programsaretreeswhere,
for all the branchesthe outputtype of the agumentfunctionsare valid agumenttypesfor the
function node. The setof all programsthat obey the syntacticrestrictionsdefinesthe spaceof
programswith types,with a possiblefurther constrainton the type of theroot. Notice thatthese
syntacticrestrictionscorrespond=xactly to the syntacticrestrictionsof ary strongly typed lan-
guagelike C++.

As soonasthe typesof the variablesin a problemarenot unique,like for examplewith the two
typesbooleanandreal, it is indeedvery naturalto introducesuchsyntacticrestrictions. This
avoidstheratherunpleasanandunnaturaconditionthata functionmustbeapplicableto all types
of agument.In ‘traditional’ GR, the closurepropertyimposesanembeddingof thetypesinto R.
For example booleansrerepresentetly arealnumberwith thevaluezerofor falseanddifferent
from zerofor true. This embeddingallows free mixing of the types. Yet, if the typesbecome
more comple, for examplewith vectors,matricesor lists, this embeddingbecomesompletely
artificial, if notimpossible.Therefore theintroductionof a propertyping systemis a mandatory
steptowardthe constructiorof morecomplex randomprograms For the presenpaper our useof
typedGPis someavhatdifferentaswe useit to imposea given symmetryof parity to the solution.
Thiskind of useis possibleonly with types.

With the introductionof types,the problemto be solved is to find properevolution operators,
namelyto generateandomtrees, mutationsand cross-oer operatorsthat respectthe syntactic
restriction. In otherwords,the evolution operatoranustbe involutionsin the spaceof typedGR.
Moreover, they mustbeemyodiconthespaceof typedprograms Beyondergodicity, thecross-oer
andmutationoperatorgnustalsobe ‘efficient’ onthe spaceof programsandtheir efficienoy may
berelatedto the numberof typesandfunctions.

Fromthe pointof view of theimplementationthetypesaresimply amappingto a setof integers,
namely to eachtypecorrespondauniquenumber Thespecificatiorof thefunctionsmustinclude
the possibletypesof their agumentsandthe type of the results. Then,the syntacticrestrictions
correspondsimply to the equality betweemumbersacrossconnectechodesandterminals. It is
thereforequite simpleto implementanarbitrarynumberof typesandthe correspondingyntactic
restrictions. The implementatiorof the evolution operatords more comple, in particularsome
operationgnightfail andarecosery mechanismmustbeimplemented.

2.3 The evolution operators

Thefollowing sectiondescribeghe elementarnoperationsisedto implementthe evolution oper
ators.Becausef thetypes,the setof possibleoperationss largerthanin theusualGPapproach.

2.3.1 Construction of arandom tree

Geneticprogramtreesaregronvn by recursvely appendinghnodesor leavesthatmatchthetypere-
strictionsof theparentnodesto thedanglingconnectionsThe compleity of thetreeis controlled
by biasingthe probability to returna nodeor a terminal, dependingon the depthof the current



connectiorcomparedo atamgetdepth.If amaximaldepthis exceededthe attemptto constructa
randomtreefails.

2.3.2 Mutation operators

Themutationoperationsve implementedor the geneticprogramarethefollowing.

e Constanteaf mutation
A constanterminalis mutatedoy eitherchanginghesignof the constan{with aprobability
of 10%),or by multiplying theconstanwalueby €%, wherex is arandomnumberuniformly
distributedbetween—In(1/2) andin(+/2).

e Nodesubstitution
A nodeis replacedoy anotherwhile thetype constraintsarepresered.

e Subtreemutation
A branchis pickedat random thetreeattachedo this branchis deletedanda new random
treewith the sameroottypeis attachedo the branch.

e Branchtype mutation
A nodeis picked at randomandis checled to seeif a branchtype canbe changedwhile
keepingthetypefor theotherbrancheslf thistypechangds possiblethesub-treeattached
to this branchis deletedanda newv randomtreewith the new selectedoot typeis attached
(if several new typesare possible,oneis chosenat random). This particularmutationis
importantasit allows usto replacea constanterminalby a subtree.

¢ Rootsplicing
A nodeis insertedasthe new root nodeof thetree(i.e. ontop of the existing root node),
andthe possibledanglingbranchesarefilled with new randomsubtrees.Again, the type
constrainthave to berespectedin particularwith a possiblerestrictionof theroottype.

e Nodeinsertion
A nodeis insertedrandomlyby picking a branchat random,insertingarandomnodecom-
patible with the branchtype, and completingthe possiblenew nodes danglingbranches
with randomtrees.

o Nodedeletion
A nodeis selectedrandomlyfor deletion. If an aguments type matcheshe type of the
results,the nodeis deletedandthe sub-treeattachedo the parent,while the otherpossible
sub-treesaredeleted. If no descendantanbe attachedo the parentof the selectechode
(becausef typeincompatibility), anothercandidatenodeis selectedor deletion. After a
fixednumberof failed attempt,nodedeletionfails.

This mutationtendstoward simplertrees,andbalanceghe ‘nodeinsertion’, ‘root splicing’
and‘branchtype mutation’which tendto createmorecomple trees.



In thesevariousoperatorsywhenarandomsub-treemustbe generatedthe globaldepthof thetree
is controlledby the samemechanisnusedto grow randomtrees.

2.3.3 Crosswer operator

Thecrossweer operatortakestwo geneticprogramsasarguments.It selectsa branchrandomlyin
thefathertree,andchecksf thereexistsatleastonebranchwith matchingtypein themothertree.
If yes,abranchwith theselectedypeis choserrandomlyin the mothertreeandthetwo selected
subtreesreswapped.f not,theabove procedurés repeatedIf the crosseer procedurestill fails
afteramaximalnumberof attemptsthe crosseer operatiorfails.

2.3.4 Mark ov chainsparametrization

We have defined7 kinds of mutation,and when a given treeis selectedfor mutation, one of

theseoperatorss randomlychoseraccordingto somespecificpredefinedselectionprobabilities.
The probabilitiesof selectingeachparticularmutationparametrizeéhe mutationoperatoron the

GP space. The geneticalgorithmalso performscross-@ers with a given probability All these
probabilitiescanbe givenin avectorthatparametrizeshe Markov chains,namely

Puc = { p(constanteaf mutatior),
p(nodesubstitutior),
p(subtreemutatior),
p(branchtype mutation,
p(rootsplicing),
p(nodeinsertior),
p(nodedeletion),
p(cross-oer) }

with the constraintthat the sumover the first 7 valuesmustbe one. In section3, this vectorof
probabilitiesis optimizedusing a geneticalgorithmin orderto have the most efficient genetic
evolution.

2.4 Usingthe typing systemto imposea symmetry on the solution

In someapplications,the generatedsolutionsmust respectsomespecific symmetryconditions
inherentin the problemto be solved. The main examplepresentedn detailin section4, is the
caseof the volatility forecastmodelsbasedon price changes. The volatility mustbeidentical
for a specificrateandfor the correspondingnvertedrate,i.e. o(—r) = o(r). A simplerexample,
which is usedas a test casefor this study is the fit of symmetricfunctions,like cosine,with

polynomialsapproximationgseesection3). In suchan application,the goal is to obtain GP
treeswhich represengoodapproximationgo the original symmetricfunctionsandwith thesame



symmetryproperties.The outputof the GP treesis requiredto be symmetricT (—x) = T(x) and
we usethe syntacticrestrictionsto imposethe symmetryof the solution.

In orderto obtainmeaningfulsolutionswith geneticprogrammingwe needto generatésP trees
whichreturnsasymmetricoutputattherootnode. Thesymmetrytypeateachnodeof the GPtrees
needto be evaluatedto enforcethe overall symmetryproperties.This is feasibleif the symmetry
of eachcomponenbf thetreeis classifiedaccordingto its symmetryproperty All the functions
or terminalsusedin theconstructiorof a GPtreeareclassifiedaccordingo thethreeoutputtypes

e antisymmetridypeA: A(—x) = —A(X) (e.g.xorx3),
e symmetrictypeS: S(—x) = S(x) (e.g.|x| or x?),

e constantypeC: numericalconstantsnot affectedby thetransformatiork — —x.

A simpleexampleshaown in figure 1 is a GP treecorrespondingo the polynomial T (x) = a+ X *
(x*b) = a+ bx2. Eachbranchhasbeenlabeledaccordingto its type (A, S or C). Thetypesare
determinedstartingfrom the terminalsandmoving upwardto the root usingthe parity properties
of eachnode.Whengrowing randomtreesor modifying trees thetypesof thebranchehave to be
computedjn orderto checkthatthetreeis valid (i.e. obeys the syntacticrestrictions)andreturns
therequestedype.

Figurel: GPtreewith symmetricoutput



2.5 The nodes,with their syntacticrestrictions with respectto parity

In theconstructiorof new randomtrees andin thecross-eer andmutationoperatorsthe possible
combinationof branchtypesallowedfor a specifiedfunctionaregivenin the syntacticrestriction
tables Suchtablesmustbe providedfor eachfunction,andaregivenbelow for the operatorsve
have used. Most of the operatordake two arguments.In the tablesbelow, the row andcolumn
labelscorrespondo the type of the two agumentswith the intersectiongproviding the type of
theresult. The symbol”-" represents combinationof agumentswhich is not allowed. In the
syntacticrestrictiontables, operationshetweenconstantsare disalloved, to avoid the wasteful
computatiorof constantghroughtheuseof cross-eer andsub-treemutationoperatorsThis will
forbid treeslike (ax b) xx. Yet, thisis not enoughto remove completelyredundantonstantsas
for examplein thetreeax (b*Xx).

Theelementanalgebraidunctionshave straightforvard propertieswith respecto theparity trans-
formation. The syntacticrestrictiontablefor the additionandsubtractioroperatorss

+-|A S C
AlA - -
S| - S S
c|- S -

andfor themultiplication (x) anddivision (/) operatorst is

*

~

own>»
> > wn>r

nwnmrun
n >0

Forthevolatility forecasimodelsmoreoperatorareusedn theconstructiorof GPtrees.We have
taken a function setcomposedf the simplearithmeticoperations{+, —, x} andsomeoperators
commonlyusedin volatility processesuchasexponentialmoving averagessquareandabsolute
valuefunctions.

The exponentialmoving averageoperatorEMA[x] evaluatesby a simple iterative formula the
averagevalueof x onamoving sample

EMA(t) = HWEMA(t —&t) + (1.0— p) x(t) @)

with p= exp(—adt/1) and0 < p< 1. Theranget > 0 of the EMA givesthelengthof the moving
sample.A corvenientparametrizatiorof the ranget is given by the logarithmof therangez =
In(t). Theuseof logarithmof thetime rangeis naturalin problemswheret canvary widely, from
hoursto months. Moreover, for the GARCH(1,1)volatility model,z hasbeenshawvn to give an
efficient parametrizatiorof the modelfor the optimization,with the further advantageof having
no domainrestriction[ ]. Therefore our EMA nodetakesasfirst amumentz, and
assecondagumentx. Thesyntactictablewith respecto parity is
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wheretherow labelcorrespondso thetype of z, andthe columnlabelis the type of the variable
argumentx to be averaged. As this operatoris an averagingoperatoy the type of the resultis
alwaysthetypeof theagumentx. Theabsolutevalueandthe squareoperatorsake oneargument
(A or S) andalwaysreturna symmetrictype (S) value.

2.6 Taming complexity

Oneimportantproblemin geneticporogrammings the control of compleity. Compleity is not
badin itself asit canbe a reserwir for mutations. Yet, more comple treestake longerto eval-
uate,and our Markov chainshave no problemin generatingmore complex treeswhen needed.
Thereforeto keepthe CPUtime low, compleity mustbetameddown. For thevolatility forecast
inferenceatoocomple treecanalsooverfit thedataset,namelya solutioncanfit particularlywell
the sampleof datausedfor the GP optimization(in sample)but canfail on anothersample(out
of sample).This overfitting problemis particularlyacutefor financialapplicationslik e volatility
forecast,as the dominantcharacterof the target function is random. The numberof constants
in the GP treeis particularlycritical astoo mary constantsmply a strongoverfitting probability
anda very slow conergenceof thelocal optimizer(seenext section).For thesereasonsye have
adoptedanapproachwherewe correctthe scorefunctionto penalizemorecomplex GPtrees.

Thereis no naturalmeasuref the compleity of a GPtree,andseveraldefinitionscanbewritten

down. We have useda simpleapproactusingthe numberof nodeg(includingtheterminalnodes)
andthe numberof constantsn a GP tree (the maximaldepthcanalsobe used). The complity

of aGPtreeis definedas

compleity = ZWK exp( fi/rk) with ZWK =1 (€))

wherethesumrunsover thefactorsfy (numberof nodesandnumberof constants)y is aweight,
andry therangeat which the compleity measuredby thefactork startsto increaseFor theruns
belav, we have usedthe parametersy = 0.2, r = 20 for thenumberof nodesandw=0.8,r =4
for thenumberof constants.

For bothapplicationsbelow, the scoreis givenby anL? distancewhich is alwayspositive. Close
to the solution,we needto enhancesmall differencesn the scorein orderto puta strongenough
selectionpressureon the besttrees. A naturalsolutionis to selectthe GP treesaccordingto the
logarithmof the score.With the penalizatiorof complity, we have useda fitnessgiven by

fitness = log(score) + A compleity; 4)

wheretheindex i runsoverthe GPtreesin the population. The parametei fixestheimportance
of the compleity penalty This parametehasbeenoptimized(seesection.3), andvaluesin the
range\ ~ 1 leadto anefficientalgorithm.



For thegeneticevolution, treesareselectedisingafithessproportionalalgorithm. Theprobability
of selectinganindividual dependghenon anoverall additive constanin thefithess,for example
on a changeof normalizationin the L? distanceusedin the score. In orderto fix this additive
constantwe use

pi = max—fithess+C,0) (5)

wherep; is the probabilityto selecttheindividual i. The minussignoriginatesin thatthe bestfits
have thelowestvalue,but needto be selectedvith the highestprobability Theconstant is fixed
by giving the probability of selectinganindividual amonga given bestfraction, for example,we
wantto selectwith a probability of p, = 50% anindividual amongthe bestfractionb; = 25% of
the population.A simplecomputatiorgives

Yi<b;nfitness — pp Ti<pfitness

C= bsn— ppn

(6)

with n thepopulationsize. This methodcanleadto negative probability for theworstindividuals,
andin suchcase the negative probabilitiesarereplacedwith 0. For the computationselowv, we
have usedp, = 50%andbs = 25%,namelyhalf of thetime, atreein thebest25%is selected.

2.7 Combination with local search techniques

As is usuallydonein GPR, the geneticalgorithmalsooptimizesthe constantsncludedin a GPtree
by randommutations. From the algorithmic point of view, this optimizationof the constantds
very inefficient. Moreover, for thevolatility forecastmodeling,the forecastperformancalepends
critically on having goodvaluesfor the constants For the simple GARCH(1,1)model,the stan-
dardoptimization(usingthe derivatives)of the modelparameterss alreadya difficult problemin
itself[ ]. Whenexploring variousmodels the selectiorbetweertwo goodvolatil-
ity modelsis in factbasedon very small differencesetweerthe scorevaluesanda smallchange
in oneof the constantgenerallyaltersa nearoptimumsolutionto the averageones.

In orderto avoid suchproblemsandto retainthe optimumsolutionscorrespondindo eachpos-
sible structureof new volatility forecastmodels,we combinethe geneticprogrammingsearch
with a local optimizer It mustbe notedthat an optimizationalgorithm using a gradient(like
a simple conjugategradient)is far superiorto a randomsearchwhen optimizing a suficiently
smoothfunctionin R". Therefore the constantsn a geneticprogramcanbe optimizedby having
the geneticprogramevaluationfunction call a local optimizationalgorithmthat searchegor the
bestconstantsandinsertsthesevaluesbackinto thetree. Thelocal optimizationalgorithmfinds
the bestconstantsstartingfrom the valuesgiven in the original tree. The gradientof the cost
function needsio be evaluatednumerically andwe usethe BFGSalgorithmfor the local search
[ ]. In this way, both geneticprogrammingandthe local optimizationalgorithm
areusedin the domainwherethey performbest,namelyGP to explore the structureof the solu-
tion, andthelocal optimizerto adjustthe parameterto the problem.Thereadershouldbewarned
thatthefunctionover R" generatedy randomtreescanhave quitewild shapesandthatthelocal
optimizationalgorithmmustbe very robustto be ableto gracefullyhandlethousand®f searches.
In the next sectionwe compareGP with andwithout local optimizationof the constants.
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3 Function fitting

We have testedour GP algorithmon the discovery of the transcendentaunction cogx). The
“residualerror” is givenby

d2 = (% /Oznndx(cog(x) — gp(x))2> (7)

with gp(x) thevalueof a GPtreewith the singleargumentx (i.e. theterminalnodescanhave the
valuex or aconstant) Theintegerparameten fixesthe numberof cosineperiodsto includein the
integral, andthe normalizationof theintegral is chosersothatfor gp(x) = 0, the costfunctionis
1 (regardlesf n). For the genomewithout syntacticrestrictions namelywhennotimposingthe
symmetryof parity, we have alsomeasuredhe convergencepropertieswith the integral defined
onthesymmetricinterval [—2nTt, 2n17 (with thenormalizationconstantl/n). Thecostfunctionto
optimizeby GPis thelogarithmicresidualerror

score= log(d) (8)

with log thebasel0logarithm(for thecomputatiorof thefitness,eq.4 includesthe scoredirectly
andnot its logarithm). The nodesetincludesthe function +, * andsquare so thatthe searchis
donein the setof polynomialfunctions. Practically the abore integral is discretizedwith a step
dx=1/32.

Thediscovery of transcendentdlinctionsby GPis aninterestingiestbedfor severalreasons:

e It is anontrivial task,andthedifficulty canbe increasedin the presentaseby increasing
the numberof periodsn. The parity of the functionto discorer canbe given, in our case
cogx) is anevenfunctionof x. Therefore theinfluenceof the syntacticrestrictionscanbe
measuredNotice thatwith the syntacticrestrictions thefit is doneimplicitly on theinter
val —2nrtto 2ntt, whereaswithout restrictionsthefit is doneonly on the intenal included
explicitly in theabove integral, namelyfrom 0 to 2nmtor from —2nrtto 2nT1t

e Thecomputationatime for onesearchis smallenoughto allow usto performstatisticswith
variousalgorithms. Moreover, with good averagevalues,the algorithmcanbe optimized.
For example, we can usea geneticalgorithmto optimize the parameterof the Markov
chains(mutationandcrosseer) usedby the geneticprogram.

¢ Whensearchingwithin the setof polynomialfunctions,the irreduciblepolynomialcorre-
spondingto a GP treecanbe computed.This is interestingfor two reasons. First, the ir-
reduciblepolynomialsprovide for equivalenceclasse®f GPtrees,whereeachequialence
classis characterizedy the maximalorderof the Taylor expansionof the cosfunction. For
the algorithmwith local optimization,theirreduciblepolynomialcoeficientsareuniguein
eachequialentclassegup to numericalcorvergenceerror) andcorrespondo the bestap-
proximationof the cosinefunction by a polynomialof a givenorder Seconda polynomial
spacehasa simplemetric,whereassP treeshave no obvious metric. As thealgorithmcon-
vergesto the solution,theirreduciblepolynomialmustcorveme to the Taylor expansionof
the choserfunction,andthis distancecanbe measureaasily
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The Markov chainson the tree spacehave beenoptimizedon this problem. For this purposean
auxiliary costfunctionis set,with valuegiven by the averageof the scoreeq. 8 over 20 GPruns.
The actualCPU time for the optimizationis also measuredandthe final parameterghosenso
thatthe computationatime stayssmallaswell. A geneticalgorithmis thenusedto optimizethe
probabilitiesfor the mutationandcross-@er p, asdefinedis sec.2.3.4 aswell asthe weightfor
the complity A in eq.4 The main algorithmsto considerarethe GP with or without syntactic
restrictions,andwith or without local optimizationof the constants.The optimizationhasbeen
doneon the 4 combinationsof syntacticrestrictionandlocal optimization. Essentially the effi-
cieng of theMarkov chainis changediramaticallyby local optimization,but not by the syntactic
restrictions.

With local optimization,the probability to mutatea constanis setto zero,andthe GPterminates
after50 generationsTheresultsareasfollow: the “node substitution”is an efficient transforma-
tion; the“branchtypemutation”is efficient, whereaghe“subtreemutation”is not; the“root splic-
ing” is countemproductive; the“nodeinsertion”is efficient; the“nodedeletion”shouldbeusedpar
simoniously;thecross-@er probabilityis foundto befairly irrelevant. Quantitatvely, agoodvec-
tor of probabilitiescharacterizingheMarkov chainis puc = (0.0,0.4,0.2,0.05,0.0,0.25,0.1,0.5).
Thesevalueshave beenusedfor the comparisorbelav, aswell asfor volatility forecastingin
the next section. Without local optimization, the probability to mutatea constantis also opti-
mized,andthe GP run terminatedafter 5000generationsThe resultsare similar to thoseabove,
but with the “constantleaf mutation” being very important. The vector of probability is setto
0.5 for the “constantleaf mutation”, and half of the valuesabore for the mutations,namely
Pvc = (0.5,0.2,0.1,0.0250.0,0.125,0.05,0.5).

Figure2 displaysthe meanlogarithmicresidualerrorasa function of the numberof generations.
Theadwantageof the algorithmwith local optimizationis striking (let usemphasizehatthehori-
zontalaxisis logarithmic). Yet, this comparisoris unfair asthe computatiortime neededor the
optimizationof the constantss fairly large. A moreobjective comparisoris to displaythe mean
logarithmicresidualerror versusthe meancomputationatime, asin figure 3. Theimprovement
provided by local optimizationis still huge,typically threeordersof magnitudeat constancom-
putationtime. The syntacticrestrictionsalsohelpto improve the corvergencespeedbut typically
only by half an orderof magnitude.Thereforethe advantageof the typing systemis partly that
it improves GP corvergence,but mainly that only valid solutionsare generated A conserative
extrapolationof the computationatime neededo reachan accurag of log(d) = —4 for the al-
gorithmwithoutlocal optimizationleadsto CPU time of atleastoneyear Let usemphasizéhat
only this kind of qualitatve improvementof the algorithmmakesthe problemof volatility fore-
castpossible.Clearly eachalgorithmshouldbe usedwhereit is efficient: the geneticprogramto
explore the structureof the solution,andthe local optimizerto adjustthe trees constantgo the
problem.

We have alsodonesimilar testsfor n = 3, namelythefit of cogx) on 3 periods.As this problem
is modedifficult, the computationatimesgrow, but the resultsarevery similar. Onenoticeable
differenceis a long “latengy” time at the beginning of the evolution, wherethe bestsolutionis
essentiallythe null function. This canbe understoodas the numberof generationsieededto
discover a polynomialwith a degreehigh enough(x®) to replicatethe oscillationof cosineover 3
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Figure2: The mean logarithmic residual error versus the number of generations for different GP
algorithms. The mean is computed over 200 GP runs, each with a population of 100 genes and an
elitism rate of 50%. The runs are terminated after 120 generations with local optimization and after
15000 generations without local optimization.
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Figure3: The mean logarithmic residual error versus the mean computational time for different GP
algorithms. The GP parameters are as for fig. 2.
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periods.After this latengy time, the solutionsimprove rapidly.

Untill this point, we exploredthe statisticalpropertiesof GP algorithms.Yet, it is alsointeresting
to look in moredetailsatthe specificforms of the solutionsdiscaveredby the GR. For the GPwith

syntacticrestrictionandlocal optimization,we performeda few runsover 200 generationsvith a
populationsizeof 100. Two examplesof solutionsdiscoreredby the GPare

14+ —0.5% X* (X4 (X+ (X4 X* X+ —0.018x X) * X* —0.0164« X)
* (X4 X* X* —0.0168% X) * —0.0833« )

and

(—0.405+ (x* (—0.1964 0.0118% x* X (0.286+ —0.0022 % x?)))?)
% (—2.474 ).

For bothsolutions thedistanceo thecogx) function(eq.7) is of theorderof 10-4°, with maximal
degreext® andx!? respectiely.

4 Volatility ForecastingModels Inference

4.1 Intr oduction

In the literature,thereis a profusionof volatility forecastingnodels,but noneof themis ableto
explain all the known empiricalfactsobsenred in high frequeng foreign exchangetime series.
In this section,we usethe stronglytyped GP approacto explore the spaceof possiblevolatility
forecastingmodels.With a GP approachallowing for a broadsearchin the spaceof the possible
forecastsye have goodchance®f finding modelswith new structuresOur goalis to discover if
somespecificstructureappearsn the bestgeneratednodelsandthento infer whatis the classof
the optimumvolatility forecastingmodelsto be usedwith foreignexchangerates.

In the caseof foreign exchangerates,the basictime seriesis the middle logarithmicprice x(t) =
[In(pria(t)) + In(pask(t))] / 2.0. Underthe interchangeof the per andexchangecturrenciesthe
pricesp aremappednto 1/p, andthe logarithmicpricesinto x — —x. The maintime seriesof
interestis theannualizedprice changegor returns)r[6t] measuren agiventime interval ot

F[3t)(t) = )‘(t)%\/%&).

Thedenominatoannualizeghereturn,with 1y = 1 year With this choiceE] r[ét] | is essentially
independendf &t, with atypical valuearound10%for themainFX rates.

9)

The volatility measureshe fluctuationof the returnsr, andmustbe identicalfor a specificrate
or for the correspondingnvertedrate. Accordingly volatility modelsmustbe independensf the
interchangeof the perandexchangedcurrenciespamelythey arerequiredto be symmetricwith
respecto thechange — —r

o(—r)=o(r). (10)

Moreover, thevolatility is alwayspositive.
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4.2 Daily Volatility Forecast

In this study the quantityto be forecastis the realizedmeandaily volatility o4(t), whichis con-
structedirom our time seriesof hourly returnsr [5t] asfollows

03 (t) = o?[At, 8t](t) = 2—142”[5” (t +kdt) (11)

wheredt is onehourandAt is oneday Othervaluescanbe chosenfor the parameterdit and
ot, but we have restrictedour empirical studyto the abore values. For foreign exchangerates,
statisticalstudieson obsered price changesshav no autocorrelatiorof the returns(exceptfor

very shorttime intervals), and no correlationbetweenthe return and the volatility. Therefore,
we restrictedour searchto modelswhich only predictthe future volatility, but do not predictany

future price changenamelywe searchor forecastof og4, andnotfor ajoint forecastof o4 andr.

Thegenerate@Ptreesdirectly provide at eachtime t theforecastvalueFZx(t) of the meandaily
varianceover the next 24 hoursa3(t), andthe scorefunction usedto measurethe quality of a
forecasis theroot-mearsquarecerrors(RMSE)

scoré = E[ (Fgp(t) — og(t))?]. (12)

Thefitnesss computedrom thelogarithmof thescore with apenaltyfor compleity, asdescribed
in section2.6. The volatility forecastsare built on the information containedin the historical
data,namelythe previousreturns.As explainedin theintroduction,FX volatility modelsmustbe
independentf theinterchangef theperandexchangedurrenciesleadingto theexactsymmetry
o(—r) = a(r). In GR, syntacticrestrictionsareusedto imposethis symmetryon the solution(see
section2.4). To enforcepositivity, we have usedapenaltyapproachn whichall the GPtreeswhich
returna nggative valuefor thevariancearestronglypenalizedIn the selectiormechanisnior the
generationof the next populations,thesetreeshave a much lower probability for reproduction
andthentendto disappearWe have useda function setrestrictedto simplearithmeticoperations
andoperatorcommonlyusedin volatility processuchasexponentialmoving averageJEMA),
squareandabsolutefunctions. To testthe impactof heterogeneoumarket componentswe have
introducedterminalscorrespondindo returnmeasurean varioustime intenals.

4.3 Benchmark Models

The generatedsP volatility modelsarecomparedo differenttheoreticalvolatility modelswhich
arein theframework of autorgressie conditionalheteroskdasti ARCH) models.Thesemodels
are constructedrom high frequeng price changessampledat interval &, andthey areusedto

forecasimeanvolatility onalongertime internval At. In this study we considethourly returnsdt =

1 hour, andforecasimeanvolatility for daily interval At = 1 day Thegeneraform of thevolatility

modelsunderconsiderations

rt+8t) = Om(t+3t)e(t+at)
02(t+38t) = 02[Q(t),9] (13)
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whereg is an unknavn randomi.i.d. (independentdentically distributed) processQ(t) is the
informationsetat time t which containsall previous returnandvolatility values,and6 arethe
procesgparametersThetime scaleatwhich the processs evaluateds ot.

At agiventimet, with theinformationsetQ(t), the volatility forecastfor the volatility att + kot
is given by the conditionalexpectation
02 [k3t](t) = E[ 02t +kdt) | Q(t) ]. (14)

Usingthe processquationsteratively, the conditionalexpectationcanbe expressedsa function
of thereturnandvolatility containedn theinformationsetQ(t) attimet (se€| ]).
At timet, theforecastfor theaveragevolatility onatime interval fromt tot + At is thengivenby

a2 n(t) = %ki&?n[kat] ® (15)

whereAt = ndt. The parametersf the benchmarkmodelsareoptimizedby minimizing the root
meansquaresrrorbetweertheforecastedndrealizedaveragedaily volatility

RMSE? = E[ (V/ 03,(t) — 04 (t))?]. (16)

Thefirst benchmarks the permanencéypothesisnamelythe forecastis given by the historical
volatility measurednthelastdayonis{1d or thelastweekonis{ 1w]. Thismodelhasnoadjustable
parameterThesecondenchmarknodelwe considetis thewell knovn GARCH(1,1)model. The
volatility processs givenby

02,(t+ t) = g+ a1r?(t) + B1o3,(t). (17)

To avoid recursionon the volatility term, this modelcanbe rewritten usinga moving averageon
thereturn,asfollows

o2(t+8t) = 0?4 w(oi(t)—a?) (18)
of(t) = poi(t—3t)+(1—wri(t)

with threeparameters, w and . For this model, the correlationdecaysexponentially with a
characteristitime of peorr = exp(—0t /Teorr) andpcor = 01 + B1 = U+ wW(1— ).

The third benchmarkis the FIGARCH model | ], which incorporatethe long

memory of the volatility througha fractional differenceoperator The last type of benchmark
modelcomesfrom thelong memoryHeterogeneou8RCH classof models. The HARCH model

wasdevelopedby [ ] andis basedon mary independenvolatility components
evaluatedat differenttime horizons. The volatilities are computedrom aggregatedreturnsmea-

suredat time horizonsrangingfrom 1 hourto a few weeks. The model can be formulatedas

follows

o (t+dt) = co+ic,-of(t) (19)
=1
of(t) = Wof(t—3t) + (1—p)rik;at](t)
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whereCj > 0for j =0 ... n, andwith the necessargtationarityconditiony{_, Cj < 1. Thek;
aretheaggragationfactorsof thereturnsandarechoseraccordingto a geometricprogression

k=p~L (20)
Thesamevaluep = 4 asin | ] is choserhere. The volatility memoryof equa-
tion 20 is determinedy the constaniy; = exp(—ot/t;) with T; = 1okj. The presenformulation
differsin somedetailsfrom the oneusedin [ ], in particularwe useannualized

returnseadingto simplerequations.

4.4 Experimentsontwo FX rates

Inferenceof volatility forecastingmodelshave beentestedon two foreign exchangerates,i.e.

USD-CHFand USD-JPY For theseexperimentswe have usedl13 yearsof high frequeng data
from 1.1.19870 31.12.1999In orderto remove seasonalityhourly returnsequallyspacedn busi-

nesstime [ ] areextractedfrom the high frequeng

data. Theavallabledatasetsaredlwded|n threesubsampledDatafrom 1.1.19870 31.12.1989s

usedfor theinitialization of the moving averageindicators but notincludedin thescorefunction.

Thein-sampledatafrom 1.1.1990to 31.12.1994s usedto computethe scorefunctionfor the GP,

andto optimizethe parametersf the benchmarksnodels.The out-of-sampledatafrom 1.1.1995
to 31.12.1999s usedfor comparisorof the performance®sf the variousmodels. This is doneto

obtainmodelsthat capturethe beststructureof the volatility forecastandnot the particulardata
setusedfor the optimization. The out-of-sampledatasetcontains5 yearsof hourly datawhich

representsorethan31,200priceschangesor 1300non-overlappingvolatility obserations.

We have experimentedvith variousterminalsetsandfunctionsets.Oneterminalsetis composed
only of constantandhourly returns.In orderto testtheimportanceof aggrgatedreturns,another
terminal setis composedf constantsand aggrgjatedreturn at selectedime intenals kdt with
k=1,4,24(1day),120(1 week)and480(1 month). Thebasicfunctionsetcontaingheaddition,
multiplication and EMA operator In a slightly extendedfunction set, we have addedthe the
absoluteandsquarevalueoperatorsn orderto generatenodelswherea? cancontaintermsin |r|.

The experimentreportedbelav is donefor both exchangeratesusing the four combinationsof
the two terminal setsand two function sets. A populationof 100 individuals is evolved with
a steadystategeneticalgorithmover 200 generations.At eachgenerationthe besthalf of the
populationis kept, while the worst half is replaced(i.e. an elitism rate of 50%). The selection
of the individualsfor reproductionis donewith the fitnessproportionalalgorithm, as described
in sec.2.6. Optimizationis alwaysdonewith local optimization,andthe vectorof probabilities
characterizinghe Markov chainpyc is asgivenin sec.3. In onecase the bestmodelgenerated
by the GPis not alwayspositive in the out-of-sampleandwe reportthe performancef the best
GPtreewith positive valuein the out-of-sample.

The performancdor the benchmarkmodelsandfor the bestGP treesarereportedin the tables
1 and2. For the HARCH model,the corveme of the local searchalgorithmis problematic,and
mostof thetimeit corvergesto apointatthenecessar;;tationarityconditionz’j‘:lCj < 1. Forthis
model,the valuesreportedin the tablearethe bestresultsfrom 5 searchswith differentstarting

18



| process | In-Sample Out-Of-Sample constants|

Ohis 1] 5.00 4.30 0
Ghist[lw] 4.38 3.97 0
GARCH(1,1)| 4.20 3.84 3
FIGARCH 4.13 4.31 3
HARCH(6) 4.02 4.02 7
Runl 3.98 3.76 6
Run2 4.04 3.87 5
Run3 4.00 3.74 9
Run4 4.03 3.78 6

Tablel: Comparisorof the RMSEvalues,n %, betweerthein-sampleandthe out-of-sampleof
thebenchmarlprocessesandthe bestsolutionof eachGP runsfor the USD-CHFexchangerate.

points. Overall, the remarkableresultis that the GP solutionsare consistentlybetterthan the
benchmarksincluding out-of-sample.This clearly shavs that GP, with the syntacticrestrictions
andthe local optimizationof the constantsjs an efficient tool for discorering new forecasting
models withoutoverfittingthedatasets.Thenumberof constant®f thetreeis asgivenby thebest
GP solution. Someof theseconstantg€anbe redundantandthe numberof independentonstants
mightbesmaller Noticealsothatonly the besttreefor eachrunis reported.Yet, the next ranking
genomeshave alsovery good scores,and can be considerablysimplerthanthe bestindividual.
Thesesolutionsareindeedbetterat capturingtherelevant structureof a goodforecastingmodel.

A detailedexaminationof the bestgeneratedreesshows thefollowing salientfeatures:

¢ The EMA functionis alwaysusedat leastoncein eachtree,andmostof thetime anEMA
operatolis therootnode.Clearly agoodforecasineedgo have enoughmemoryof thepast,
andthisis achieredthroughthe useof EMASs.

¢ The EMASs have mostly a constantrangez, andnot a variablerangegiven by the value of
a subtree. For example,subtreef the kind EMA[3.5; ---] areused,but subtreeof the
kind EMA[3.5+2.4xr?; ---] seldomlyappear Moreover, the typical valuesfor r? is the
annualizedsariance which for thesedatasetsis of the orderof 0.01(i.e. (10%)2). For the
last example,the changesn the EMA rangearethereforenumericallyvery small,anddo
notplaysarolein theefficieng of thissubtree Only in afew casesanumericallyimportant
variableEMA rangeappeaiin thefinal population.

¢ All thegoodsolutionscontainproductof returnsatdifferenttime horizons for examplelike
r[ot] xr[24dt]. Usingtherelation
r[kot](t) = r[mét](t) + r[(k—m)dt](t —mét), thistermcanberewrittenasr[ot](t) x r[ot](t) +
r[ot](t) = r[233t](t — &t), namelyas a squareterm, plus a crossterm of non overlapping
returns Whenthe terminalsetcontainsonly the returnr[&t] at the hourly time horizonét
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| process | In-Sample Out-Of-Sample constants|

Ghist[ld] 451 6.19 0
Ohis{ 1W] 3.98 5.96 0
GARCH(1,1)| 3.81 5.62 3
FIGARCH 3.78 5.51 3
HARCH(6) 3.77 5.62 7
Runl 3.74 5.40 2
Run2 3.61 5.48 4
Run3 3.60 5.44 5
Run4 3.59 5.42 7

Table2: Comparisorof the RMSEvalues,n %, betweerthein-sampleandthe out-of-sampleof
thebenchmarlprocesseandthe bestsolutionof eachGP runsfor the USD-JPYexchangerate.

(but no aggregatedreturns),similar termsare generatedhroughEMAS, like with r[dt] *
EMA [z r[dt]]. Thesecrosstermsarethekey differencebetweerthe GPsolutionsandall the
benchmarkmodelsthatcontainonly quadratiderms.Thereasorfor whichthesgermshave
beenomiteduntil now in volatility modelingis thatE[ r[dt](t) « r[mdt](t — mdt) ] = 0. Yet,
the GPdiscoveredthatthesetermsarecontainingvaluableinformationson the evolution of
thevolatility.

5 Conclusion

In this study we have usedgeneticprogrammingwith syntacticrestrictionscombinedto local
searchtechniquego explore the spaceof the volatility forecastingmodelsfor foreign exchange
rates.Syntacticrestrictionsareusedto imposea specificsymmetrypropertyon the solutionsand
local searchis usedto adjustthetrees constant$o the problem.We have first testedthisapproach
onthediscovery of thetranscendentdlinctioncogx). Thistestshaws thattheimprovementpro-
vided by local optimizationof the trees constantss huge,typically threeordersof magnitudeon
suchproblems.The advantageof syntacticrestrictionsis partly thatit improvesGP corvergence,
but mainly thatonly solutionswith the correctsymmetrypropertyaregenerated.

The applicationto the discovery of new typesof volatility forecastingmodelsfor financialtime
serieds ahardproblemwhichis feasibleonly with local optimizationof the constantsTo reduce
overfitting problemsandto keepoptimizationtime within reasonablé&ounds a controlof the GP
trees’ compl«ity is needed. We have useda penalizationapproachto promotetreesof lower
compl«ity with areducechumberof constanterminals.

For the volatility forecastproblem,the experimenton two main exchangeratesshavs that the
selectedGP treesperform betterthan optimized benchmarkprocesses.Moreover, the out-of-
sampleresultsindicatethat theseGP solutionsare quite robust. The succes®f the besttreesis
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dueto cross-productf two returnsat differenttime horizons.Suchcrosstermsarepartly present
in theHARCH processbut with fixedweightsgiven by the coeficientsC; asthis modelis indeed
quadratidn r[kdt]. In GPtrees,the combinationof the variouscrosstermsis morecomplex and
theiroptimumweightingcanbedirectly evaluated Let usnoticethatthesecrosstermsareformed
eitherby usingmoving averageof microscopiaeturnsor by directly includingaggreatedreturns.
The new crossproductsindicatequalitatively that the evolution of the volatility in the financial
marketsis sensitve to the pasttrend, wherefor exampler[t](t) * r[mdt](t — mdt) > 0, or to a
sidevay marlet, wherefor exampler[ot](t) « r[mdt](t — mdt) < 0. Thisdependencof therealized
volatility on the pastprice evolution is indeeda new stylized fact, whosediscovery shouldbe
creditedto GP. This new effect is clearly worth a detailedstatisticalanalysis,which will be the
subjectof aforthcomingpublication.
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